Abstract. In his striking 1995 paper, Borcherds [2] found an infinite product expansion for certain modular forms with CM divisors. In particular, this applies to the Hilbert class polynomial of discriminant −d evaluated at the modular j-function. Among a number of powerful generalizations of Borcherds' work, Zagier made an analogous statement for twisted versions of this polynomial. He proves that the exponents of these product expansions, A(n, d), are the coefficients of certain special half-integral weight modular forms. We study the congruence properties of A(n, d) modulo a prime ℓ by relating it to a modular representation of the logarithmic derivative of the Hilbert class polynomial.
Introduction and statement of results
The modular j-invariant, one of the most important functions in modern number theory, has q-expansion j(z) = q −1 + 744 + 196884q + 21493760q 2 + · · · .
(q = e 2πiz )
Singular moduli are the values of j(z) at imaginary quadratic arguments. To be more precise, let Q d be the set of positive definite binary quadratic forms Q(x, y) of discriminant −d < 0, and let α Q be the unique root in the upper half-plane of some Q(x, 1) ∈ Q d . Given one of these roots α Q , the Hilbert class polynomial of discriminant −d, H d (z), is defined to be the minimal polynomial of j(α Q ) (with minor modifications if d/3 or d/4 is a square). The roots of H d (z) generate the Hilbert class fields of imaginary quadratic fields. The study of the form H d (j(z)) has a long history. Until recently, it was notoriously difficult to compute Hilbert class polynomials. Borcherds [2] was the first to describe an infinite product expansion for H d (j(z)),
where h(d) is the Hurwitz-Kronecker class number and ω Q is the weight of Q (see [12] ). Zagier [12] generalized these to a setting where Borcherds products and their twisted analogues are easier to compute. He defines, for all discriminants D > 0 and −d < 0, a twisted Hilbert class polynomial by
where ζ D = e 2πi/D and χ(Q) =
−d p
for some prime p represented by Q that does not divide dD.
In light of this, we study the natural question of the distribution of the exponents A d (n) among residue classes modulo ℓ for various primes ℓ, and we show that these exponents often possess unexpected properties. To this end, let (1.3) δ d (t, ℓ; X) = #{p < X : p is prime and A d (p) ≡ t (mod ℓ)} π(X) where π(X) is the number of primes less than X. For certain choices of d depending on ℓ, we will be able to compute the asymptotic value of δ d (t, ℓ; X) for each t ∈ Z/ℓZ. For example, for ℓ = 11 and d = 4, we have the following: = .09 9 100
= .09 9 100
= .09 X δ 4 (6, 11; X) δ 4 (7, 11; X) δ 4 (8, 11; X) δ 4 (9, 11; X) δ 4 (10, 11; X) 10 ≈ .0908
Notice that most congruence classes modulo 11 asymptotically contain 9 percent of all A d (p), but the classes of 8 and 10 have a slight excess, with 9.92 . . . percent and 9.08 . . . percent, respectively. As we shall see, this is a consequence of the fact that the coefficients of the logarithmic derivative of H 4 (j(z)) can be written modulo 11 as a function of the coefficients of a Hecke eigenform, and by a deep theorem of Deligne, the latter induces a Galois representation whose traces are the corresponding coefficients, which turn out to be dictated by group theory. Hence the given distribution of A d (p) modulo 11 is actually a statement about the distribution of the conjugacy classes in the image of the representation, which is given by the Chebotarev Density Theorem.
Let S ℓ+1 be the space of cusp forms of weight ℓ+1 on SL 2 (Z). Then we have the following congruence for A d (n) modulo ℓ. 
where r is the dimension of S ℓ+1 and f i (z) = are not necessarily met. The more general conditions are made clear in Section 3. Although at first glance, this strategy appears to give no information in the case ℓ|n, there may be a similar result in such cases if we instead look modulo powers of ℓ exceeding the maximum power of ℓ dividing n.
When ℓ ∈ {5, 7, 13} (the primes for which dim C S ℓ+1 = 0) and D = 1 this implies the trivial congruences
, 17, 19}, we have dim C S ℓ+1 = 1. If we let D = 1, and n = p = ℓ, the formula simplifies to
These formulas relate Borcherds product exponents to explicit modular elliptic curves. For example, if d = 4 and ℓ = 11, S 12 is spanned by the weight 12 cusp form with Fourier expansion
so in this case a 1 (m) = τ (m). We have that
which is the modular form corresponding to the elliptic curve X 0 (11), which in turn implies that
Thus from Theorem 1.1, the values of A d (p) modulo 11 correspond to the number of points on X 0 (11) over F p , which has defining equation
Therefore, Table 1 reflects the distribution of the pairs (p, a X 0 (11) (p)) modulo 11. Serre proved (see Theorem 11 of [10] ) that every modular form of weight ℓ + 1 modulo ℓ on SL 2 (Z) corresponds to a weight 2 cusp form on Γ 0 (ℓ). Thus we can see that the same phenomenon occurs for all pairs (d, ℓ) given here. In these cases, the curves X 0 (17) and X 0 (19) are given by the defining equations
To prove these congruences, we will consider the logarithmic derivative of Zagier's twisted Hilbert class polynomials and use their relationship to supersingular polynomials to prove that they lie in M ℓ+1 , the space of weight ℓ + 1 modular forms modulo ℓ. Dorman's work on differences of singular moduli in [4] will be useful here. Using this, we find a formula for the exponents A D,d (n) in terms of the coefficients of Eisenstein series and cusp forms that form a basis for S ℓ+1 .
In Section 2, we rigorously revisit Borcherds product expansions and their generalizations by Zagier. In Section 3, we recall essential properties of Eisenstein series, Hilbert class polynomials, and supersingular polynomials. In Section 4, we use these properties to prove Theorem 1.1. In Section 5, we use the theory of Galois representations and the Chebotarev Density Theorem to determine the distribution of p, a 1 (p), . . . , a k (p) and we give two examples by applying this procedure to two specific cases, d = 4, ℓ = 11 and d = 20, ℓ = 31.
A theorem of Zagier
Define M ! 1/2 (Γ 0 (4)) to be the space of all weight 1/2 modular forms on Γ 0 (4) which are meromorphic at the cusps and holomorphic everywhere else. It turns out that the exponents in the infinite product expansions of H d (x) and H D,d (x) are the coefficients of special modular forms in the "plus space" M ! 1/2 , consisting of elements a(n)q n of M ! 1/2 (Γ 0 (4)) such that a(n) is nonzero only for n ≡ 0 or 1 (mod 4) and a finite number of n < 0. While we will not be using the modularity of these forms directly, we will be using their coefficients as a way to study Hilbert class polynomials. There is a unique basis of M 
Borcherds' infinite product expansion [2] then takes the specific form
Just as Borcherds found a product expansion for H d (x), Zagier [12] extended this to the twisted functions
Theorem 2.1 (Zagier [12] ). Let D > 1 and −d be a positive and negative discriminant, respectively, which are fundamental and relatively prime. Then we have a product expansion
where, if
. Also, note that one can recover Borcherds' result from Theorem 2.1 with only minor adjustments. Lastly, note that the value of A D,d (n) in the introduction is equivalent to A(n 2 D, d).
Modular forms modulo ℓ
To compute formulas for the exponents A(n 2 D, d), we will take the logarithmic derivative of the twisted function H D,d (x) and prove that its reduction modulo ℓ is a modular form of weight ℓ + 1. In order to do this, we must recall several preliminary facts about modular forms and their reductions modulo ℓ.
We first recall that the Eisenstein series E 2k (z) has q-series expansion
where j(E) is the j-invariant of the curve E.
Using this, we can give conditions for when we can write the logarithmic derivative of H D,d (j(z)) as an element of M ℓ+1 . Theorem 3.2. Let −d and D be fundamental discriminants such that −Dd is fundamental, and let ℓ be prime such that
Proof. It is easy to see that the denominator of −
is exactly H Dd (j(z)). We want to construct a modular form M(z) of weight ℓ − 1 that is congruent to 1 modulo ℓ such that every pole introduced by the denominator of H Dd (j(z)) is canceled by a zero of M(z).
We write ℓ − 1 uniquely as 12m + 4δ + 6ǫ where m ∈ Z + , δ ∈ {0, 1, 2}, and ǫ ∈ {0, 1}. Write
) where E ℓ−1 (j(z)) is a polynomial in j(z). From Theorem 1 of [6] , we have that
Since we have assumed that H
where the sign matches that of s ℓ (j(z)) above.
Define M(z) to be the weight ℓ − 1 modular form given by
Then we can conclude that
Since E 4 (z) vanishes when j(z) = 0 and E 6 (z) vanishes when j(z) = 1728, we see that
) ǫ vanishes at all the roots of H Dd (j(z)) to at least the same order. Also, M(z) is holomorphic everywhere on the upper half-plane, including at infinity, since the factor H Dd (j(z))P (j(z)) has degree in j(z) equal to the degree of s ℓ , which is m. Thus
is a holomorphic modular form of weight ℓ + 1 that is congruent to −
(mod ℓ), so we are done.
The necessary condition of H
will occur for infinitely many pairs (ℓ, d). In fact, we can prove that the following conditions also imply the same result. 
Proof. From Theorem 7.25 in [8] , we have that
is also a root of s ℓ (x). Dorman proves in Corollary 5.6 in [4] (see also [3] ) that the only primes ℓ for which H Dd (x) can have a repeated root modulo ℓ are those where ℓ Dd = 1, which is not the case by assumption. Thus every root of H Dd (x) has multiplicity 1, implying
and by Theorem 3.2, the result follows.
We wish to massage this result into a form similar to what we had mentioned in the introduction; namely, that we can write the logarithmic derivative of H d (j(z)) as a multiple of E 2 (z) plus several cusp forms that form a basis of S ℓ+1 . There is a correspondence between elements of S ℓ+1 and elements of S 2 (Γ 0 (ℓ)) which we illustrate here.
Lemma 3.4. An element M(z) of M ℓ+1 can be written uniquely modulo ℓ as the sum of a constant multiple of E 2 (z) and an element of S 2 (Γ 0 (ℓ)).
Proof. Let c be the constant coefficient of M(z). Then c is the unique element of F ℓ so that M(z) − cE ℓ+1 (z) ∈ S ℓ+1 . We have from Lemma 3.1 that E ℓ+1 (z) ≡ E 2 (z) (mod ℓ), and by Theorem 11 of [10] that M(z) − cE ℓ+1 (z) corresponds modulo ℓ to an element of S 2 (Γ 0 (ℓ)).
We are now prepared to prove the types of congruences that we see in Theorem 1.1.
Proofs of Congruences
We have shown that the logarithmic derivative of H D,d (j(z)) modulo ℓ, which we can compute using Theorem 2.1, is an element of M ℓ+1 , the reduction modulo ℓ of weight ℓ + 1 holomorphic modular forms with integer coefficients. In order to prove Theorem 1.1, we just need to solve for the exponents of H D,d (j(z)).
Lemma 4.1. Let ℓ be prime, D > 0 and −d < 0 be fundamental discriminants, and g(n) be defined by
Then for all n not divisible by ℓ,
where ν(m) is the Dirichlet inverse of
Proof. From Theorem 2.1 we can compute
Then
where * is Dirichlet convolution. From the theory of Gauss sums (see [5] ) we know that f 2 (1) = 0, and so f 2 has a Dirichlet inverse ν. Hence, since ℓ ∤ n, given a congruence of the
g(n)q n (mod ℓ) we can convolve ν with both sides to compute
This allows us to prove, among other things, the trivial congruences of A(n 2 , d) modulo 5, 7, and 13 mentioned in the introduction.
Example. If ℓ ∈ {5, 7, 13} and −d is a negative fundamental discriminant satisfying the conditions of Theorem 3.2 for D = 1, then we have
Proof. The assumed conditions let us use Theorem 3.2 to write −
as h(d)E ℓ+1 plus some element of S ℓ+1 . However, for the primes 5, 7, and 13, the dimension of S ℓ+1 is 0. Thus using Lemma 3.1, we obtain
Thus by Lemma 4.1 with D = 1 and the fact that n = m|n µ(m)σ 1 ( n m ), we can conclude the desired identity. a i (n)q n , we can use E ℓ+1 ≡ E 2 (mod ℓ) by Lemma 3.1 to imply that
The desired result follows.
Applications of the Chebotarev Density Theorem
From [8] , we have the following corollary of a theorem of Deligne regarding Galois representations associated to certain modular forms.
, χ) be a newform, and let K f be the number field obtained by adjoining the Fourier coefficients a(n) and the values of χ to Q. Let ℓ be any prime, K any finite extension of Q containing K f , and p ℓ,K a prime ideal of O K dividing ℓ. Then there is a continuous semisimple representation
for which the following are true:
(1) We have that ρ f,ℓ is unramified at all primes p ∤ Nℓ.
(2) For every prime p ∤ Nℓ we have
(3) For every prime p ∤ Nℓ we have Here Frob p denotes any Frobenius element for the prime p.
We will only be concerned with the case of modular forms with rational integer Fourier coefficients and χ trivial. For ℓ = 11, 17, or 19 and −d < 0 satisfying the hypothesis of Corollary 3.3, in the case that the Galois representation for the cusp form furnished by Lemma 3.4 surjects onto GL 2 (F ℓ ), the Chebotarev Density Theorem tells us that every pair (p, a(p)) in F × ℓ × F ℓ occurs. Further, it yields the precise densities of each ordered pair (p, a(p)) in the space of possible ordered pairs. Our goal in the first subsection is to compute the relative sizes of unions of conjugacy class in GL 2 (F ℓ ) corresponding to each (p, a(p)) modulo ℓ. Applying the Chebotarev Density Theorem yields our desired result. We then apply the result to the example where d = 4 and ℓ = 11. 5.1. Characteristic polynomial frequencies in GL 2 (F ℓ ). It will be useful to have a formula for the proportion of elements in GL 2 (F ℓ ) with a given trace and determinant.
Lemma 5.2. Of the (ℓ 2 −1)(ℓ 2 −ℓ) elements of GL 2 (F ℓ ), the proportion with characteristic polynomial x 2 − ax + b (that is, trace a and determinant b), for a ∈ F ℓ and b ∈ F × ℓ , are as follows:
Remark. Note that for a = 0, the first two cases each occur (ℓ − 1)/2 times; and for a fixed a = 0, the first, second, and third case respectively occur (ℓ − 1)/2 times, (ℓ − 3)/2 times, and once.
Proof. Let g ∈ GL 2 (F ℓ ) have trace a, so that g is of the form Using Theorem 1.34 in [8] , it is straightforward to show that the primes ℓ for which dim C S 2 (Γ 0 (ℓ)) = 1 are exactly 11, 17, and 19. The spaces S 2 (Γ 0 (11)), S 2 (Γ 0 (17)), and S 2 (Γ 0 (19)) are generated by the modular form associated with the elliptic curves X 0 (11), X 0 (17), and X 0 (19), respectively. Because the dimensions of these spaces is 1, the associated modular forms are Hecke eigenforms, and hence their Dirichlet series each possess an Euler product by Theorem 6.19 of [1] . Thus, the result of Deligne applies. In Proposition 19 of [11] , Serre provides sufficient criteria for when a subgroup G of GL 2 (F ℓ ) is all of GL 2 (F ℓ ). This criteria requires the existence of merely three elements of G with trace and determinant satisfying certain conditions, along with the hypothesis that det : G → F × ℓ should be surjective. Of course, since det ρ ℓ (Frob p ) = p in this case, the surjectivity of det is trivially guaranteed. Using this result, we only need to check the image of Frob p for primes p ≤ 7 in order to show that ρ 11 , ρ 17 , and ρ 19 are surjective. Thus, given ρ ℓ , ℓ ∈ {11, 17, 19}, and an appropriate d from Table 2 , we can use Lemma 5.2, Theorem 1.1, and the Chebotarev Density Theorem to compute the densities in the limit of each congruence class modulo ℓ for A(p 2 , d) where p is prime.
using the results of Serre [11] and Ribet [9] . By a computation similar to the one in the d = 4, ℓ = 11 case, we get .
